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Qh! Abstract 

CD . 

^^ The interaction of a nontrivial topological field configuration with the ex- 

ternal fields is considered. The approach is based on the calculation of the zero 
modes excitation probability. We consider the interaction of the t'Hooft-Polyakov 
monopole with an external weak uniform magnetic field and the field of another 



X 

H, 

monopole. 



The t'Hooft-Polyakov non-Abelian monopole are well-known static solutions of 
the nonlinear Yang-Mills-Higgs field equations. Though a considerable progress has 
been achieved in the last two decades, there are still open problems concerning the 
dynamical properties of monopoles. The most known results were obtained in the 
Bogomolny-Prasad-Sommerfield (BPS) limit || where the monopole dynamics changes 
drastically due to the masslessness of the scalar field. A calculation of the static force 
between two monopoles and of the light scattering by a monopole ||] were based on 
an ansatz for the time dependence of the field which was just a replacement f — > r — |at 2 
for the monopole position r, that was already corresponding to the monopole moving 
with a constant acceleration a. In Ref. [[J as well as in the following papers 0,0, the 
interaction between the monopoles was considered in the region outside the monopole 
core where the Yang-Mills fields obey the free field equations. However, it resonable to 
expect a distortion of the core of the t'Hooft-Polyakov monopole and a bremstrahlung of 
both vector and scalar fields if the initially static monopole configuration is accelerated 
by an external field. 
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In this note we describe a consistent perturbative consideration of this idea. The 
only lowest-order result is presented here. It shows just the monopole acceleration 
expected by the Newton law. The next-to-leading corrections will decrease a because 
of the radiation. This effect will be reported elsewhere. 

Let us consider the (3 + 1)D SU(2) Yang-Mills-Higgs model specified by the La- 
grangian: 

L = \F; v F^ a + l -D^ a D^ a + ^ - a 2 ) 2 , (1) 

where F^ = d u A a u - d v A% + ee ahc A\A c v ; D^ a = d^ a + ee abc A b ^ c . 
The t'Hooft-Polyakov monopole configuration reads PJ 

A a Q = 0; A a k = e akc ^(l-K(0); 4> a = ^#(0, where £ = aer. (2) 

We consider first its pure electromagnetic interaction with a weak external homogeneous 
constant magnetic field H k . The interaction is described by the Lagrangian 

Lint = -Z- e kmnF km 4> H n , (3) 

where H k = (0, 0, H). The field equations are: 

D»F; v = ee abc b D^ c + F a v - D»D^ a = A(0 2 - a V + F a . (4) 

where the last terms represent the external force acting on the configuration. They 

read 

i i 

pa, _ q. pa _ pj ,apr{ext). pa _ pa pr{ext) tr\ 

The key point of our approach is to treat the excitation of the zero modes of the 
monopole as the non-trivial time-dependent translation of the configuration. The prob- 
ability of this excitation can be calculated from the field equation (|4]). To this end we 
expand the fields A", <\> a : A a ^ = (A°) + a£ + . . . ; (f) a = (0 a ) o + X a + ■ ■ ■■ The zero order 
approximation gives the classical equation 

D»F; V = e £a6c 6 A,0 c ; D^D^ a = X(<f) 2 - a 2 )^ (6) 

with the t'Hooft-Polyakov solution (Q). 

Note, that in the BPS limit || (A — ► 0) instead of the field equations (||) one has 

simpler first order equation D m (j) a = -SknmF kn = B^, and field equations ([|) can be 
written in the form 

D m - -H^ xt A F a mn = ee abc <f> b D n <f> c ; D m (l> m - -H^) ^ = 0, (7) 

a J V a J 

which is exactly the Manton's equations for a slowly accelerated monopole in a weak 
uniform magnetic field 0. 



Let us consider the corrections to the 't Hooft-Polyakov solution. To the first order, 
they can be found from the equations 

("l^ + 2 ^)) a " " D ^X-e 2 [(0 a ) 2 ^-0 a b ]a!; + ee afec a^ n (8) 

= 2ee abcX b D n <p c + F^ ] 

(-^ + %)) X a = D»D, X a ~ e 2 W) 2 5 ab - r<P b }x b ~ A[20> 6 + ((0 a ) 2 - a 2 )5 ab } X b 

= -2ee abc a b n D n ^ + F a{ ±\ 

where the superscript (/) corresponds to direction of the external field and the back- 
ground gauge D^a^ + ee abc (j) b X c = is used. In the matrix notations these equations 
can be rewritten as: 

(-f- 2+ v^r = F<\ (9) 

/ a a (r t) \ / F a ® \ 

where f a (r, t) = I ™\ ' I , J 7 ^ 1 ' = "/a , and V 2 is the matrix obtained after 

two functional differentiations of the action with respect to the fields A a , <p a 

V 2 fa= ( V U< -2ee abcX b D n (f> c \ 
~ { 2ee abc a b n D n <p c V^ )X a J ' 

oo 

We seek for the solution of eq. @ in the form of an expantion / a (r, i) = J2 Ci(t)( a (r)i 

i=0 

on the complete set of eigenfunctions C a ( r )« °f the operator T> 2 . This eigenfunctions 

consists of the vector- and the scalar components: C a ( r )i = at \ describing the 

fluctuations of the corresponding fields on the monopole backgroung j7|. 

Substitution of the expansion f a (r,t) into eq.® results in the system of the equa- 
tions for the coefficients Ci(t): 

oo 

J2 (Ct + n 2 C t ) <(r). - 2ee abcX b D n <p c = F n «(r) (/) ; 



i=0 

oo 



2 (Ci + u?Ci) V a (r) ■ + 2ee abc a b n D n <p c = F a (rf\ (10) 

4=0 

Let us consider the correction to the monopole solution, connected with the excita- 



(n a (r) \ 
:9i,\ where 
^(r)( fc) J 



^rf = F a kn = d k A a n - D n A a k ; V a (r)^ = D k <j> a = d k r - ee abc <$ 'A c k . (11) 

(here index k corresponds to the translation in the direction r k ). Note that they 
coincide with the pure translation quasi-zero modes of the vector and scalar fields 



fjn( r ) = dkA^] fj a (ry ' = dk4> a up to a gauge transformation with a special choice of 
the parameter that is just the gauge potential A\ itself. 

The projection of eq.flTUD onto the zero modes gives the equation: 



CM + iV 2 ) =/^;(r)^:(r) « + J £xF a (rfV(ri k \ (12) 

(note that the non-diagonal terms cancel), where the normalization factors of the zero 
modes are 

Jd 3 x [i£(r)«] 2 = Jd 3 x (F a kn f ■ iV 2 = J d 3 x [v a (r)^f = J £x (Z^) 2 (13) 



N 2 

V 

There is a very simple relation between the monopole zero modes normalization factors 
and the mass of the monopole M: 



N 2 V +N> = jd\[{^) +(vi k) )} = jd 3 x{(F« n f + (D k r) 2 } 

= ljd 3 x{(FZ n ) 2 + (D k <p a ) 2 } + yd 3 xVi<P]=M, (14) 

The integrals in the r.h.s. of eq.fll~2]) are calculable. We find 

/ d 3 xF:(rft n (r) ^ = Z -^— J d?xD m ^B^ = ±gH^\ (15) 

where we take into account the definition of the monopole charge g = J d 3 xD m (f) a B^ n = 
An/e. On the simular way 

[ d 3 xF a (r) {l) T] a (r)^ = - f d 3 xB?Hl ext) D k <j) a = -gH { k ext) . (16) 

J (X J O 

We would like to stress that only zero modes along the external field direction H k are 
excited. Thus, the equation for monopole zero modes evolution (|T2| ) can be written as 
Cq(N^ + iV 2 ) = gTi, and we have just Co = gJijM. Hence the monopole configuration 
under external force is moving along the external field direction with a constant accel- 
eration a = gFC/M that correspond to the classical Newton formula with the Lorentz 
force on the monopole F = gJi = Ma. The radiative correction to this relation is given 
by the next order of the perturbation theory. Note that the excitation of the monopole 
zero modes (|TTD leads not only to the translation of the solution but also to its time 
dependent gauge transformation U = exp I —^-A k T a \. 

Instead of eq.(§), we could use the gauge invariant Lagrangian of the electromagnetic 
interaction 

B k Hi ext) = ^e kmn (F^r - l-e^rD^D^) H^\ (17) 
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However, the additional term in eq.flTTD has no effect. Indeed, one can see that the ad- 
ditional external force on the configuration appears in r.h.s. of eq.(||) is orthogonal to 



the monopole zero modes ([0]) and the monopole interaction with the external electro- 
magnetic field is determined only by the first term in the eq.([H|). The physical meaning 
of this result is quite obvious, because the second term in the gauge invariant definition 
of the electromagnetic field strength in (|17| ) correspond to the Dirac monopole string 
in the Abelian theory. 

Finally, consider the interaction between two widely separated non- Abelian monopoles 
with charges g\ and g 2 . Let us suppose that the first monopole is placed at the 
origine while the second one is at the large distance R 3> r c , r c stands for the core 
size. To the leading order in r c /R, the field of the second monopole can be con- 
sidered as an homogenious external field acting on the first one. Thus, the electro- 
magnetic part of the interaction is defined by the Lagrangian (J3|) as before, where 
now H k = —g 2 Rk/R 3 and the first monopole will move with a constant acceleration 
a k = giHfr jM = gig 2 Rk/(MR 3 ) = F k /M. This corresponds to the classical Coulomb 
force between the monopoles: F k = gig 2 R k /R 3 . 

As it has been noted in |§, ||, ||, this simple picture is not valid in the BPS limit. 
Indeed, in this case the scalar field is also massless and there is the long-range forces 
mediated by both the scalar and the electromagnetic fields of the monopoles. As usually, 
the scalar interaction is given by the term L' int = D m (j) a ^ 'D m (f) a ^ ' in addition to the 
pure electromagnetic one (|3|). As the Bogomolny condition gives D m (f) a = B^ = 4> a B m 
for both monopoles and 

L' mt = U a D m ^H k ^ = ^e mnk F a mn rHt t] (18) 

a 2a 

Thus, the total Lagrangian of interaction of the couple BPS monopoles is just double 
eq.(|3|) in case of the monopole-antimonopole configuration and equal to zero in case of 
the monopole-monopole (or antimonopole-antimonopole) configuration. 
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